Droplets on fibers have been extensively studied in the recent years. Although the equilibrium shapes of simple droplets on fibers are well established, the situation becomes more complex for compound fluidic systems. Through experimental and numerical investigations, we show herein that compound droplets can be formed on fibers and that they adopt specific geometries. We focus on the various contact lines formed at the meeting of the different phases and we study their equilibrium state. It appears that, depending on the surface tensions, the triple contact lines can remain separate or merge together and form quadruple lines. The nature of the contact lines influences the behavior of the compound droplets on fibers. Indeed, both experimental and numerical results show that, during the detachment process, depending on whether the contact lines are triple or quadruple, the characteristic length is the inner droplet radius or the fiber radius.
I. INTRODUCTION
In the recent years, many studies have focused on droplets hanging on horizontal fibers.
Such systems are very different from sessile droplets. Indeed, the curvature of the substrate induces some typical phenomena such as the inhibition of film formation [1] [2] [3] . This means that even if the spreading coefficient is greater than zero, droplets can be formed on fibers.
Moreover, the geometry of such systems has been investigated leading to the definition of two equilibrium configurations of a droplet on a fiber : the barrel and the clamshell shapes [4] [5] [6] [7] . The barrel shape is easy to characterize mathematically thanks to its symmetry [5] .
However, a numerical approach is necessary for the clamshell shape. The public domain software Surface Evolve (SE), developed by Brakke [8] , has been established for numerical simulations of various wetting problems, especially for studying the equilibrium morphologies of single droplets on cylindrical fibers [4, 9, 10] . The transition between both equilibrium geometries has also been analyzed [4, 7] . A droplet adopts a barrel configuration when its volume is large or when the radius of the fiber is small. When the volume decreases or the radius increases, the droplet changes its shape and adopts the clamshell shape. This transition also depends on the history of the system. Moreover, electrowetting has been used to change the properties of the droplets hanging from fibers and therefore to provoke the transition [9, 11, 12] . The influence of gravity has also been investigated [9, 10] .
Recent works [13, 14] demonstrated that droplets on fibers may constitute the starting point of an open digital microfluidics, emphasizing the interest for those systems. Moreover, optofluidic devices can be designed by using optical fiber networks [15] . However, the major difficulties of such devices are the contamination and the evaporation of the droplets. This can be slowed down by the encapsulation of the core water droplets into an oil shell leading to the creation of compound droplets. From a numerical point of view, the situation becomes more complex for systems containing several components. At our knowledge, such wetting problems can not be numerically solved by the SE software. Therefore, in a recent work [16] , we introduced a multiphase-field model which enables the numerical investigation of multi-droplet systems, in particular of compound droplets. In this framework, each phase refers to a droplet with specific physical properties, such as density and surface tension. The temporal evolution of each phase occurs in order to minimize the free energy of the system.
The main objective of the present paper is the study of such compound droplets on fibers.
Horizontal fibers will be used in order to analyze such systems in their equilibrium state. This is a first step towards the elaboration of digital microfluidics devices on fibers. First, we focus on the encapsulation process and we determine the conditions under which a water droplet is encapsulated by an oil droplet. Second, we show that, when a compound droplet is placed in a substrate, different contact lines are formed at the junctions between the various phases. These triple contact lines can be stable or move and fuse together. In this case, a quadruple line is formed. Third, we briefly introduce the phase-field model that we use as numerical support to confirm our experimental results. In the last two sections, we focus on compound droplets on fibers. In particular, we investigate the detachment process which highlights the existence of a quadruple line.
II. EXPERIMENTAL
In this study, we investigate the case of compound droplets made of water and oil. We used not only pure water (w) but also soapy water (s) for the core droplets in order to study the influence of the surface tension. Pure water is colored in blue to get stronger contrast whereas soapy water is colored in red. Soapy water is a mixture of pure water and dish-washing liquid based on anionic surfactant AEOS-2EO [17] . Both liquids have a density ρ w = ρ s = 1000 kg/m 3 . The oil is a silicone oil with a viscosity of 20 cSt and a density ρ o = 949 kg/m 3 . For the different fluids encountered in this study, the surface tensions were measured through pendant drop method using a CAM 200 goniometer from KSV Instruments Ltd [18] . Each value is the average of five different experiments consisting in taking twenty pictures of a pendant drop and deducing the surface tension from the shape of the droplet. 
III. RESULTS AND DISCUSSION

A. Droplet encapsulation
The first step is to determine the condition under which the water is encapsulated by oil. Therefore, we first consider the fluid phases only, without any substrates. Droplet encapsulation is provided by the balance of the surface tensions [19] . Figure 1 (a) presents the contact between two non-miscible liquids in air. A contact line is formed where three surface tensions compete. The balance of these tensions defines the contact angle of the compound system. Encapsulation of water by an oil shell is possible when the air-water tension (γ A/w ) is larger than the sum of two other tensions (γ A/o for the air-oil interface and γ o/w for the oil-water interface). The condition
should be satisfied, otherwise the oil droplet is unable to cover the water core. The condition is the same for soapy water. In view of the surface tensions, the above condition (1) is fulfilled for both water and soapy water and therefore encapsulation is expected as shown in Figure   1 (b).
B. Encapsulation on a substrate
If we consider a compound droplet on a planar solid substrate (denoted f because a planar substrate can be seen as a fiber with an infinite radius), the situation may become tricky [20] and simulations are often used in order to predict the geometry of the system [16] .
Assuming complete encapsulation of the water droplet by oil, as discussed in the previous section, two contact lines are present on a sessile compound droplet as pictured in Figure   1 (c). The inner contact line is the boundary between oil, water and the substrate and is characterized by a contact angle θ w . The outer contact line is at the meeting of air, oil and the substrate, and defines a contact angle β. We can compare this situation with the cases of a water and an oil sessile droplet. For a water droplet on a planar surface, there is only one contact line (at the meeting of air, water and the surface) characterized by a contact angle α w which differs from θ w . For a sessile oil droplet, the unique contact line is characterized by the same contact angle β as defined previously as shown in Figure 1 (c).
The equilibrium condition for each type of contact line on a planar substrate is given by the Young's equation and leads to the following system which can be combined in
A similar expression can be written for the case of soapy water described in Figure 1 (d).
In order to predict the value of cos θ w (cos θ s ), the contact angles α w (α s ) and β were measured. As the contact angles only depend on the surface tensions according to the Young's equation, the contact angles should be the same on a plane or on a fiber [21] [22] [23] .
Thus, contact angles were measured when pure water, soapy water and oil droplets are hanging on nylon fibers. For each contact angle, ten pictures were taken of droplets hanging on fibers. We found that α w = 58.9
• ± 10.3
• for a sessile water droplet. However, it appears that for both soapy water and oil, the contact angles are smaller : α s = 20.7
• ± 7.8
• and
• , respectively. By considering the values of surface tensions and contact angles, it is possible to evaluate the right member of Equation (5) and then to estimate the contact angle formed by the water drop when it is covered by oil. For pure water encapsulated by oil, the value of θ w is equal to 61.0
• meaning that the water droplet forms a spherical cap with a well-defined contact angle surrounded by oil. In this case, there are two distinct contact lines : the first one is the junction of oil, water and substrate and the second one is the meeting of air, oil and substrate. Whereas, for soapy water, the evaluation of the right member of Equation (5) leads to a value greater than 1 (namely 1.5).
This means that θ s is non valued. In this case, soapy water spreads inside the oil drop.
The inner contact line moves towards the outer contact line. Depending on the soapy water and the oil volumes, the contact lines could either never meet or merge together. In the latter case, a quadruple line could be formed. This quadruple line represents the union of four phases which are air, soapy water, oil and fiber. Even if a quadruple line is formed, the observation of this phenomenon is very difficult as both soapy water and oil spread and meet the surface with small contact angles. It has to be noticed that the quadruple line formation may modify the contact angle of the oil shell. Moreover, the existence of this quadruple line has been theoretically predicted by Mahadevan et al. [24] even if this assumption is against the thermodynamics laws. Indeed, thermodynamics suggests that three phases meet along a line whereas four phases should join at a single point. Prior to the present work, this quadruple line has never been observed experimentally, at our knowledge.
C. Numerical Method
Before considering the case of compound droplets on a fiber, we introduce the numerical method used to support the experimental results. When a droplet is put in contact with a solid surface, its shape evolves in order to adopt the energetically most favorable morphology. Mathematically, this process can be seen as a minimization problem with evolving free boundaries. Diffuse interface methods, in particular phase-field methods have been proved as thermodynamically consistent and powerful numerical tools to investigate such type of problems [25] [26] [27] [28] . The simulation results in the present work are based on the model presented in [16] , extended by an energy term f gv reflecting the gravitational effect. The free energy of the system reads
The spatial domain is denoted by Ω and its solid boundary (here the fiber) by ∂ s Ω. is a small positive parameter, related to the thickness of the diffuse interface. Here,
) is the so-called phase-field vector, where each component φ α (x, t), α ∈ {w, o, A} describes the state of the phase α in time and space. The subscripts w, o and A refer to the water, oil and air phases, respectively. When considering soapy water instead of water, the subscript s is used. Additionally, we postulate the phasefield variables φ α sum up to unity in each point of space, as well as 0 ≤ φ α ≤ 1. So, φ α can be interpreted as the volume fraction of the phase α and variates continuously along the diffuse interface between 0 and 1. The first term in the free energy functional Equation (6) is a gradient energy density expressed as
The second addend in Equation (6) is a higher order multi-obstacle potential, of the form
The bulk energy contribution
ensures the volume preservation of each phase in the system. For more details, we refer to [16] and the references therein. The energy contribution f gv (φ) reflects the gravitational effect and reads
where g represents the gravity force, ρ α the density of the corresponding phase, x the position in the computational domain and h(φ) = φ 3 α (6φ 2 α − 15φ α + 10) interpolates the phasefield values along the diffuse interface. The surface integral in Equation (6) models the interaction between the liquid droplets and the fiber and is responsible for the establishment of the correct contact angles at the fiber:
Here, γ αf are the surface tensions between the phase α and the fiber, for each phase α ∈ {w, o, A}. The parameter m as well as γ αβδ (in Equation (8)) are phenomenological parameters discussed in [16, 29, 30] and will be given later for each numerical simulation.
The evolution equations for each phase α in the system is determined by minimizing the free energy functional (6) using methods of variational calculus. A steepest descent method is applied, conducting to the following system of time dependent evolution equations
with the natural boundary condition
The time relaxation parameter τ is set to unity in all simulations. The notation a ,∇φα , a ,φα , w ,φα , g ,φα and f w,φα is used to indicate the partial derivatives ∂/∂ ∇φα and ∂/∂φ α of the functions a(φ, ∇φ), w(φ), g(φ) and f w (φ), respectively. The divergence of the vector field a ,∇φα (φ, ∇φ) is denoted by ∇ · () and the time derivative ∂φ α (x, t)/∂t is denoted by ∂ t φ α . The normal to the fiber, ∂ s Ω, is denoted by n. λ 1 and λ 2 are Lagrange multipliers, according to the constraint α φ α = 1.
The evolution equations (3) are discretized using finite differences on a regular grid with equidistant spacings in all spatial directions. For the discretisation in time, the forward Euler scheme was applied, which requires the control of the time step ∆t for ensuring numerical stability.
D. Encapsulation on a fiber
Let us focus on compound droplets on fibers. Is it possible to create and observe compound droplets and quadruple lines on a fiber? From the information obtained in the previous sections, we can assume that, on a fiber, the water droplet should be encapsulated by oil. Moreover, for pure water, two different contact lines should be formed whereas, for soapy water, a quadruple line should be created. However, the wetting behaviors on a planar substrate are significantly different from those on a cylindrical fiber. First, droplets on fibers can adopt two different geometries : a clamshell shape or a barrel shape. Second, the curvature of the fiber influences the geometry of the system [1-3, 22, 23, 31, 32] . The local curvature can inhibit the spreading of droplets. So, using a fiber could stimulate the quadruple line formation. However, these theoretical predictions have to be verified experimentally and numerically.
Compound droplets are created by, first, placing the water drop on the fiber, thanks to a pipette, and, second, by adding oil. Figure 2 illustrates this process : (top) an oil droplet (2.5 µl) is placed right next to a droplet of pure water (1.0 µl). Due to the surface tensions, the oil droplet wraps around the water droplet. The pure water droplet adopts a clamshell shape whereas oil forms an asymmetric barrel shape with a thin layer around the fiber. The presence of two types of contact lines is obvious. The contact line between air, oil and the fiber is separate from the oil-water-fiber line. The same situation is shown for soapy water instead of pure water. In this case, both droplets seem to adopt a barrel geometry. Moreover, the picture tends to prove the existence of a quadruple line on each side of the drop in the soapy water case. Indeed, it is extremely hard to distinguish two different contact lines. At our knowledge, this is the first time that this type of structure seems to be created experimentally. The encapsulation process is studied numerically and compared with the experimental observations as presented in In order to quantify this phenomenon, we reproduced this experiment for different volumes of inner droplets and for different fiber diameters (200 µm, 280 µm and 350 µm). We placed water and soapy water droplets on the fiber and we added oil progressively until the system detaches. Figure 6 presents the maximum volume, V M , of the whole system (water and oil) as a function of the volume of the inner droplet, V w/s , for three diameters. It appears that the nature of the inner droplet influences the detachment of the whole system.
Indeed, for pure water, by increasing the volume of the inner droplet, the global volume is also increased. Whereas, for soapy water, the increase of the inner droplet does not affect the maximal volume which seems to be a constant.
These dissimilar behaviors are caused by the absence or the presence of a quadruple contact line. As pure water forms a core inside oil with two types of contact lines, the inner droplet plays the role of a portion of the fiber with a larger diameter. The water droplet acts like a defect of the fiber with its specific surface tension. The characteristic length is no longer the fiber diameter, as expected for a single droplet on a fiber [33, 34] , but the inner droplet diameter which is much larger. So, larger volumes of oil can be hold. For soapy water, the inner drop is spread and therefore the characteristic length is still the fiber diameter. The whole system behaves as if it was made of only one component droplet.
For pure water, the oil droplet hangs around the water droplet like it would be hanging for the oil droplets and allow larger hanging droplets. The soapy water droplets (in red) do not affect the maximum volume of the whole system : the only parameter that matter is roughly the total volume. The blue curve represents the maximum volume of a droplet hanging under a capillary and given by Equation (15) whereas the red curve corresponds to the Equation (18) .
at the end of a capillary. As proposed in an earlier work [21] , it is possible to find the maximum volume for a droplet V M hanging from a capillary,
where r c is the radius of the capillary and c a corrective factor which is about 0.7. By using the radius of the water droplet as the radius of the capillary (r c = 3 (3/4π)V w ), Equation (15) can be rewritten as
FIG. 7. The maximum volume determined by simulations as a function of the inner volume. Here, we considered 200 µm fibers. We compare these numerical data with the model proposed for both pure and soapy water and represented by the blue and the red lines. It appears that the behavior of the system is well predicted by the simulations and that it is coherent with our models.
and it is possible to fit the data with this new equation with a shape factor ζ which accounts for the fact that the oil droplet is hanging on the water droplet instead of a capillary.
Therefore, the shape factor is not affected by the fiber diameter. A single shape factor is calculated and it is found to be equal to 0.81. This fit is drawn in Figure 6 and is in a excellent agreement with our data. In this case, the fiber diameter does not influence the maximum volume. Indeed, the characteristic length is the inner droplet diameter instead of the fiber diameter. Therefore, as only the inner volume matters, the data are superimposed for the three different diameters. For small volumes of water, we noticed, both experimentally and numerically, that the maximal volume tends to the one found for soapy water. For these small volumes, the water droplet is so tiny that the oil droplet wraps not only the water droplet but also the fiber and therefore, the contact between the oil and the fiber can not be neglected anymore. The shape is, in that case, similar to the shape of the compound droplet with soapy water. It is therefore coherent that the pure water data converges towards the soapy water data.
We performed simulations for compound droplets hanging on a fiber with a 200 µm diameter. For each inner volume, the oil volume was progressively increased until the system detaches from the fiber. Figure 7 represents the numerical results. The maximal volume,
represented by a circle, is therefore defined as the mean between the larger volume for which the droplet does not detach and the smaller volume for which the droplet detaches. The error bars join these two extreme volumes. One can notice that these data are in good agreement with the experimental results shown in Figure 6 as well as the analytical predictions given by Equation (16) . The simulation parameters are given in Table I . For clarity, we specify the resulting contact angles instead of the set of used surface tensions. The densities for the different phases are not listed, since we used the same values as in the experiments (see Section II). For soapy water, it seems that the maximal global volume is independent of the volume of the soapy water droplet. This means that only the sum of the water volume and oil volume matters. Thus, the system behaves like a droplet made of only one component due to the presence of the quadruple contact line. The detachment of droplets from fibers has been studied [33] [34] [35] . Lorenceau et al. [33, 34] developed a model for the detachment of a single droplet on a fiber and the maximal volume is given by
where V M is the maximum volume of the droplet and r f is the radius of the fiber. We can use this expression and replace ρ o with (ρ s V s + ρ o V o )/(V s + V o ) in order to take account of the difference in density of water and oil. Therefore, the maximum volume of a compound droplet containing soapy water is given by
with a shape factor ξ due to the fact that the droplet is made of two components. This expression is little dependent on the inner volume, V s . Thus, the associate curve is a line with a slight slope as it is shown in Figure 6 . Moreover, the maximal volume depends on the fiber diameter, as it can be seen from both the data and the model. So, the larger the fiber, the larger the maximal volume. The shape factor has to be calculated for each fiber diameter. Indeed, as the maximal volume depends on r f , the shape factor also depends on the fiber diameter. As a result, we find that ξ = 0.77, 0.71 and 0.68 for r f = 200, 280
and 350 µm, respectively. It proves that soapy-water oil droplets behave as simple systems thanks to the quadruple line. Once again, simulations have been performed and the maximal volumes obtained for soapy water are in good agreement the analytical predictions. Thus, simulations confirm not only the tendency observed experimentally, but also the model given by Equation (18) . Moreover, it can be seen, from the simulations, that the contact lines have merged in the vicinity of the fiber and that they move together along it (see supporting information).
IV. CONCLUSIONS
In summary, we have shown that oil encapsulates water, also on fibers. Moreover, depending on the nature of the inner droplet, the system may act differently. For pure water, the triple lines remain separated. Whereas for soapy water, triple lines merge to form a quadruple line along the fiber. This phenomenon modifies the shape of the compound droplets.
We have also shown that close to the detachment, the difference between pure and soapy water is enhanced. Both experimental and numerical results show that, in the case of pure water, the oil is hanging from the water droplet and the detachment only depends on the inner droplet diameter. Whereas, for soapy water, the oil moves with the soapy water along the fiber and therefore the detachment process is controlled by the fiber diameter.
Future works concern the dynamical properties of compound droplets on fibers. The fundamental question is how the droplet motion is affected by the nature and the size of the core droplet. Moreover, more complex systems, such as microemulsions, evaporation and condensation of droplets on fibers have to be investigated. 
